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Abstract: This paper concerns the identification of continuous-time systems in state-space
form that are subject to Lebesgue sampling. Contrary to equidistant (Riemann) sampling,
Lebesgue sampling consists of taking measurements of a continuous-time signal whenever it
crosses fixed and regularly partitioned thresholds. The knowledge of the intersample behavior of
the output data is exploited in this work to derive an expectation-maximization (EM) algorithm
for parameter estimation of the state-space and noise covariance matrices. For this purpose, we
use the incremental discrete-time equivalent of the system, which leads to EM iterations of the
continuous-time state-space matrices that can be computed by standard filtering and smoothing
procedures. The effectiveness of the identification method is tested via Monte Carlo simulations.
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1. INTRODUCTION

In digital control system design, signals are usually sam-
pled equidistantly in time. This approach has led to a
well established system theory and a vast number of
successful applications due to its analytical tractability
(Åström and Wittenmark, 1984). An alternative sampling
scheme, called event-based sampling, consists in retrieving
measurements based on the occurrence of an event rather
than the passing of time instants. One of the most popular
event-based sampling schemes is Lebesgue sampling, and it
consists of sampling a signal whenever it crosses fixed and
regularly-partitioned thresholds.

First steps in modern Lebesgue sampling theory can be
found in Åström and Bernhardsson (1999), where a com-
parison between first-order systems using periodic and
event-based sampling was made. The take-away message
is that the Lebesgue sampling scheme requires fewer mea-
surements on average than the equidistant (Riemann)
sampling scheme, which is natural since the sampling
is done at arguably the most relevant instants. Another
advantage of Lebesgue sampling is that, in principle, only

⋆ This work was supported by the Swedish Research Council under
contract number 2016-06079 (NewLEADS), by the Digital Futures
project EXTREMUM, by the Chilean National Agency for Re-
search and Development (ANID) Scholarship Program/Doctorado
Nacional/2020-21202410 and by the grants ANID-Fondecyt 1211630,
ANID-Basal Project FB0008 (AC3E).

1 bit is needed to indicate that the signal has crossed
a threshold, which can be of interest when dealing with
communication network systems.

One of the issues of standard Lebesgue sampling is that in-
corporating continuous-time noise in the model description
leads to theoretical difficulties when defining the sampling
time instants. This issue is overcome in this paper by
considering a send-on-delta sampling strategy (Miskow-
icz, 2006) that includes a quantizer with hysteresis. Such
type of sampling has been explored by, e.g., Kofman and
Braslavsky (2006), and in addition to its theoretical ad-
vantages, it is convenient for implementing 1-bit coding
communication and minimizing spurious sampling.

In this work, we study how to identify continuous-time
systems in state-space using continuous-time input data
and Lebesgue-sampled output data. Although this frame-
work resembles the discrete-time identification problem
with quantized data, key differences can be observed in the
continuous-time treatment of the noise, and the hysteresis
effect of the quantization step. Some contributions in such
framework can be found in, e.g., Gustafsson and Karlsson
(2009) and Bottegal et al. (2017). In Kawaguchi et al.
(2016), transfer function identification under Lebesgue
sampling was studied. This work considered an approxi-
mate Lebesgue sampling scheme, which has the shortcom-
ing that the output data are not threshold values, but
real numbers. Thus, it is not suitable for scenarios with



very limited communication bandwidth or computational
resources. Other contributions (Sánchez et al., 2019) has
focused on the design of experiments for transfer function
identification in closed-loop with an event-based sampling
scheme. These methods tune a controller so that the sys-
tem enters into a limit cycle, facilitating the estimation.
In contrast to these procedures, our approach admits any
order for the continuous-time system, does not require
controller tuning, is suited for open-loop identification, and
can be performed on any input and output data set.

This work overcomes the shortcomings detailed above by
providing an EM-based algorithm for identifying systems
subject to Lebesgue sampling. In summary,

• We present closed-form expressions for the E and M-
steps of the EM algorithm tailored for the identi-
fication of Lebesgue-sampled linear continuous-time
systems described in state-space form. This algo-
rithm delivers maximum likelihood estimates at con-
vergence under mild conditions. Two forms are dis-
cussed, which use discrete-time equivalents of the
system in shift operator and delta operator forms.
The discrete-time equivalents rely on a user-defined
sampling period ∆ that may improve the estimation
accuracy (for small ∆) at the cost of a higher compu-
tational cost;

• We provide two alternatives for computing the filter-
ing and smoothing procedures required for the EM
iterations; and

• We show the effectiveness of the proposed method via
extensive Monte Carlo simulations.

The rest of the paper is organized as follows. In Section 2
the problem statement is described, and the EM algorithm
for Lebesgue-sampled system identification is derived in
Section 3. Section 4 illustrates the method with a nu-
merical example, and conclusions are drawn in Section 5.
Proofs of the main results can be found in the Appendix.

Notation: All matrices and vectors are written in bold,
and column vectors are utilized, unless transposed. We
employ the notation {f(tl)}Ml=1 to denote the set of eval-
uations {f(t1), f(t2), . . . , f(tM )}, and {x(t)}t∈[t1,tM ] to
denote the continuous-time signal defined on the closed
interval [t1, tM ]. A discrete-time signal is also written as
{fk}Mk=1, depending on the context. The notation x1:N de-
scribes {xk}Nk=1. The Kronecker delta function is denoted
as δKk , and the Dirac delta distribution is written as δ(t).

2. PROBLEM FORMULATION

We consider the following linear time-invariant (LTI),
single-input, single-output, continuous-time model:

ẋ(t) = A(θ)x(t) +B(θ)u(t) + ẇ(t), (1a)

z(t) = C(θ)x(t) +D(θ)u(t), (1b)

where A(θ),B(θ),C(θ), and D(θ) are θ-dependent ma-
trices of suitable dimensions, and ẇ(t) is the formal
derivative of a Wiener process of finite incremental co-
variance Q(θ). The initial condition x(0) is assumed to
be Gaussian-distributed with mean µ1 and covariance P1,
and the continuous-time white noise ẇ(t) is also assumed
Gaussian with zero mean.
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Fig. 1. Lebesgue sampling of a signal z(t) with threshold
τ = 0.5. Red dots indicate the sampling instants and
thresholds being crossed, and dashed blue rectangles
show the regions where z(t) is known to be located.

We now introduce the sampling scheme of interest in this
paper, which is also carefully explained by Kofman and
Braslavsky (2006). Given τ > 0 and the continuous-time
output z(t) : R → R, we define the sampled sequence
{y(tl)}∞l=0 with quantization interval h by the piecewise
constant function y(t) : R → R that satisfies

y(t)=Qτ{z}(t):=
{⌊z(t0)/τ⌋τ, if t0 ≤ t < t1,

z(tl), if tl ≤ t < tl+1, l∈N,
(2)

where ⌊·⌋ denotes the floor function, and where the sam-
pling points {tl}∞l=1 are defined by

tl = inf
{
T ∈ (tl−1,∞) : |z(T )− z(tl−1)| > τ

}
. (3)

Unlike level-crossing sampling, this setup implies that an
output that consecutively crosses the same threshold more
than once only triggers one event. This property helps
avoid situations where many samples would be sent in
a short time-span due to noise. The drawback of this
hysteresis feature in the sampling procedure is that it
introduces a dynamic nonlinearity; in other words, the
event of sending a sample will depend on the previous
threshold crossed.

An example of the Lebesgue sampling we consider is
shown in Fig. 1. Our goal is to estimate the system
parameters that describe the matrices (A,B,C, D,Q)
using the input {u(t)}t∈[t1,tM ] and the Lebesgue-sampled

output {y(tl)}Ml=1.

3. LEBESGUE-SAMPLED SYSTEM
IDENTIFICATION

In this work, we derive the maximum likelihood estimate
of the system matrices using an equivalent discrete-time
description of (1) for fast sampling rates. The intuition
is that the output data {y(tl)}Ml=1 provide knowledge of
what amplitude band z(t) is located in at any instant of
time; thus, the framework is asymptotically equivalent,
as the sampling period tends to zero, to computing the
maximum likelihood estimate of a system with a fastly-
sampled output that is quantized in a special manner.

We begin describing our approach by recalling a shift-
operator equivalent and an incremental equivalent descrip-
tion of the system (1) in Lemma 1. In the sequel, we denote
any sampled signal ρ(k∆) as ρk, where k ∈ N. Note that
in our application, k ranges between ⌊ t1

∆ ⌋ and ⌊ tM
∆ ⌋. For

simplicity we relabel the discrete-time signal so that k
ranges between k = 1 and k = N := ⌊ tM

∆ ⌋ − ⌊ t1
∆ ⌋+ 1.



Lemma 1. Consider the continuous-time state-space model
in (1), where u(t) is generated by a zero-order-hold with a
sampling period ∆. This system has the same second-order
output properties at the sampling instants t = k∆ as the
following discrete-time model in shift-operator form:

qxk := xk+1 = Adxk +Bduk + w̃k, (4a)

zk = Cxk +Duk, (4b)

where the matrices Ad and Bd are given by

Ad = eA∆, Bd =

∫ ∆

0

eAsdsB, (5)

and the covariance of the noise vector is given by
E
{
w̃kw̃

⊤
l

}
= Qdδ

K
k−l, with

Qd =

∫ ∆

0

eAsQeA
⊤sds. (6)

Alternatively, the discrete-time model derived above can
also be written in its incremental or delta-operator form:

dx+
k = ∆Ainxk +∆Binuk + dw+

k , (7a)

zk = Cxk +Duk, (7b)

where the increments are defined as df+k := fk+1−fk, the
matrices of the state equation are given by Ain = (Ad −
I)/∆, Bin = Bd/∆, and the covariance of the noise vector

is E{dw+
k dw

+
l

⊤} = ∆Qinδ
K
k−l, where Qin = Qd/∆.

Proof. The proof for the incremental model equivalence
can be found in, e.g., (Åström, 1970, Sec. 3.10), while the
equivalent shift-operator model follows from expanding
the increment notation in (7) and rearranging terms. 2

The shift-operator model in (4) allows for the direct im-
plementation of many filtering and smoothing algorithms.
On the other hand, the model in (7) provides a natural
way to describe a continuous-time system whose output is
sampled at a fast rate, since the continuous-time matrices
are recovered when ∆→ 0. That is,

(Ain,Bin,Qin)
∆→0−−−→ (A,B,Q). (8)

Note that in our approach there is no need to physically
include an additional sampling step, and we do not assume
that there is a fast-sampling mechanism prior to the
event sampler. However, this might be the case in some
applications related to incremental encoders, in which ∆
may represent the sampling rate of the high-resolution
clock (Merry et al., 2013). Also, keep in mind that the
sampling points tl need not be multiples of the fast-
sampling period ∆, although this is usually assumed in
encoder setups (Strijbosch and Oomen, 2022).

The next step is to derive an algorithm that computes an
estimate for the system matrices using the discrete-time
equivalent of (1). We use the EM algorithm (Dempster
et al., 1977) for this purpose, which will be applied
taking into consideration the shift-operator model (4),
as well as the incremental model (7), with Lebesgue-
sampled output data. To this end, we require formulas
for the expectation and maximization steps to implement
the EM method. This derivation must include an output
perturbation to ensure that the noise covariance matrix in
the EM algorithm is full rank (Solo, 2003). Thus, we add
a zero-mean, independent, Gaussian perturbation vk with
a user-defined variance ϵ2 ≪ 1 to zk:

zk = Cxk +Duk + vk. (9)

We stack the parameters describing the state-space ma-
trices in a vector θ, and fix {x1:N+1, z1:N} as the set of
unobserved latent data. Based on the estimate at the ith
iteration θ̂i, we need to compute

Q(θ, θ̂i) = E
{
log p(x1:N+1, z1:N |θ)|y1:N , θ̂i

}
, (10)

where p(x1:N+1, z1:N |θ) is the probability density function
(PDF) of {x1:N+1, z1:N} given the model parameters θ.
The function in (10) is later maximized with respect to θ,
yielding the new parameter estimate:

θ̂i+1 = argmax
θ

Q(θ, θ̂i).

The iterations presented above are performed until the es-
timate has converged within a predefined tolerance value.
In the following subsections, we derive the EM algorithm
for the shift and delta operator models and discuss the
required filtering and smoothing procedures.

3.1 E-step for the shift-operator model

Our goal is to estimate the matrices Ad,Bd,C, D and
Qd, which ultimately must be transformed into their
continuous-time equivalents. We assume for this derivation
that θ is constituted by the parameters of the shift-
operator model matrices. In order to compute the Q
function in (10), we write the logarithm of the joint
probability density function of the extended state vector
data L(θ) = p(x1:N+1, z1:N |θ) as

−2 logL(θ) = −2 log p(x1|θ)− 2

N∑
k=1

log p(xk+1, zk|xk,θ)

= −2 log

(
p(x1|θ)
N/2
√
2πϵ2

)
+N log det (2πQd)

+
1

ϵ2

N∑
k=1

φ2
k +

N∑
k=1

V⊤
k Q

−1
d Vk,

where φk=zk−Cxk−Duk and Vk=xk+1−Adxk−Bduk.

After some embellishments, Q(θ, θ̂i) can be expressed as

−2Q(θ, θ̂i)=L0(θ̂i)+N log det (Qd)

+
1

ϵ2
(
D2Γuu−2CΓxz−2DΓuz+2DΓuxC

⊤+CΓxxC
⊤)

+tr

{
Q−1

d

(
Γqq+AdΓxxA

⊤
d +BdΓuuB

⊤
d −AdΓxq−Γ⊤

xqA
⊤
d

−BdΓuq − Γ⊤
uqB

⊤
d +AdΓ

⊤
uxB

⊤
d +BdΓuxA

⊤
d

)}
,

where L0(θ̂i) accounts for all terms solely depending on θ̂i
or constants, and

Γxx = Ē{xkx
⊤
k }, Γqq = Ē{xk+1x

⊤
k+1}, (11a)

Γxq = Ē{xkx
⊤
k+1}, Γux = Ē{ukx⊤

k }, (11b)

Γuq = Ē{ukx⊤
k+1}, Γxz = Ē{xkzk}, (11c)

Γuz = Ē{ukzk}, Γuu = Ē{u2k}, (11d)

where Ē{·} :=
∑N

k=1 E{·|y1:N , θ̂i}.

3.2 Computation of the state moments

In order to compute the quantities in (11) that determine
the auxiliary function Q, it is necessary to compute some
moments related to the system state xk, the output zk,



and their corresponding cross moments. This computa-
tion requires the evaluation of filtering and smoothing
distributions of the extended vector xe

k := [x⊤
k zk]

⊤ con-
ditioned on the measured data, i.e., the PDFs p(xe

k|y1:k)
and p(xe

k|y1:N ). Several methods allow the computation
of these PDFs; one recent and promising approach is the
Gaussian Sum Filter and Smoother developed in Cedeño
et al. (2021a,b), where the desired PDFs are represented
by a Gaussian Mixture Model. An alternative approach
to obtain the moments of xk and zk is the Sequential
Monte Carlo sampling approach, also called particle fil-
ter/smoother (PF/PS) (Gordon et al., 1993; Doucet et al.,
2000). In this approach, filtering and smoothing distribu-
tions are represented by using a set of weighted random
samples called particles so that

p(xk|y1:k) ≈
M∑
i=1

w
(i)
k δ

(
xk − x

(i)
k

)
, (12)

p(xk|y1:N ) ≈
M∑
i=1

w
(i)
k|Nδ

(
xk − x̃

(i)
k

)
, (13)

where w
(i)
k and w

(i)
k|N denote the ith weights, and x

(i)
k with

x̃
(i)
k denote the ith particles sampled from the filtering and

smoothing PDFs p(xk|y1:k) and p(xk|y1:N ), respectively.
The quantity M is the number of particles. The impor-
tance weight computation can be carried out recursively
(Sequential Importance Sampling) as follows:

w
(i)
k ∝ w

(i)
k−1

p(yk|x(i)
t )p(x

(i)
k |x(i)

k−1)

h(xk|x(i)
k−1, yk)

,

w
(i)
k|N =

M∑
j=1

w
(j)
k+1|N

w
(i)
k p(x

(j)
k+1|x

(i)
k )∑M

k=1 w
(k)
k p(x

(j)
k+1|x

(k)
k )

,

where h(xk|x(i)
k−1, yk) is the importance density, w

(i)
N |N =

w
(i)
N for i = 1, . . . ,M, and w

(i)
k−1 are the importance

weights of the previous iteration. Details of the implemen-
tation and comparison of particle filters/smoothers to deal
with quantized data can be found in Cedeño et al. (2023).
Once the PF and PS are implemented, the particles of the
smoothing distributions can be used to approximate the
moments and cross moments of xk and zk as follows:

E {g(xk)|y1:N} ≈
M∑
i=1

w
(i)
k|Ng(x̃

(i)
k ),

where w
(i)
k|N and x̃

(i)
k are the weights and particles (from

the PS), and g(xk) is a function of xk, for instance

g(xk) = xk or g(xk) = (xk − E {xk}) (xk − E {xk})⊤. The
corresponding moments of zk are approximated by

E{zk|y1:N}≈
M∑
i=1

w
(i)
k|N ẑk, E{xkzk|y1:N}≈

M∑
i=1

w
(i)
k|N x̃

(i)
k ẑk,

with ẑk = E{zk|x̃(i)
k , yk} being the mean of the truncated

Gaussian distribution given by

ẑk = Cx̃
(i)
k +Duk + ϵ

ψ(ak, bk)

Ψ(ak, bk)
,

ψ(ak, bk)=ϕ

[
ak−Cx̃

(i)
k −Duk
ϵ

]
−ϕ

[
bk−Cx̃

(i)
k −Duk
ϵ

]
,

Ψ(ak, bk)=Φ

[
ak−Cx̃

(i)
k −Duk
ϵ

]
−Φ

[
bk−Cx̃

(i)
k −Duk
ϵ

]
,

where [ak, bk] is an interval defined by the threshold
regions and the output yk, ϕ[x] is the standard normal
density, and Φ[x] is its cumulative distribution function.

3.3 M-step for the shift-operator model

Now we need to maximize Q(θ, θ̂i) with respect to θ.
The following result provides the EM iterations that are
proposed for estimating the discrete-time equivalent of the
state-space matrices of interest.

Theorem 2. The matrices that maximize Q(θ, θ̂i) for the
shift-operator model are given by[

Ad,i+1 Bd,i+1

Ci+1 Di+1

]
=

[
Γxq Γxz

Γuq Γuz

]⊤ [
Γxx Γ⊤

ux
Γux Γuu

]−1

, (14)

Qd,i+1=
1

N

(
Γqq −

[
Γxq

Γuq

]⊤ [
Γxx Γ⊤

ux
Γux Γuu

]−1 [
Γxq

Γuq

])
, (15)

where all the Γ matrices are given in (11).

Proof. See Appendix A. 2

3.4 EM algorithm for the incremental model

Theorem 2 provides the EM iterations for the shift-
operator model (4). However, since our interest is in the
continuous-time state-space matrices, we must revert the
discretization process of Lemma 1 in some way. One al-
ternative is to estimate the discrete-time matrices and
later transform them to continuous-time, although this
step is known to be ill-conditioned for small sampling
periods (Garnier and Young, 2014). Another option for
small ∆ is to derive the EM iterations for the incremental
model instead, and let the incremental state-space matri-
ces represent the continuous-time ones according to (8),
i.e., (Ain,Bin,Qin) ≈ (A,B,Q). This is the approach
suggested by Yuz et al. (2011) for the identification of
stochastic differential equations, and it is convenient since
it leads to explicit iterations of the EM algorithm for the
continuous-time system parameters, as seen next.

Theorem 3. The EM iterations for the incremental model
(7) with Lebesgue-sampled output data are given by[

Ain,i+1 Bin,i+1

Ci+1 Di+1

]
=

[
Γxδ Γxz

Γuδ Γuz

]⊤ [
Γxx Γ⊤

ux
Γux Γuu

]−1

, (16)

Qin,i+1=
∆

N

(
Γδδ −

[
Γxδ

Γuδ

]⊤ [
Γxx Γ⊤

ux
Γux Γuu

]−1 [
Γxδ

Γuδ

])
, (17)

where Γxx,Γux,Γxz,Γuz and Γuu are given in (11), and

Γxδ = ∆−1Ē
{
xk(xk+1 − xk)

⊤} , (18a)

Γuδ = ∆−1Ē
{
uk(xk+1 − xk)

⊤} , (18b)

Γδδ = ∆−2Ē
{
(xk+1 − xk)(xk+1 − xk)

⊤} . (18c)

Proof. See Appendix B. 2

It is well known that the converging point of EM iterations
belongs to the set of stationary points of the likelihood
function. Thus, if adequately initialized and under mild



conditions regarding the model structure and input ex-
citation, the iterations in Theorem 3 provide the maxi-
mum likelihood estimate of the system parameters in its
incremental form. These estimates are biased estimates of
the continuous-time parameters due to the approximation
(Ain,Bin,Qin) ≈ (A,B,Q). This bias can be shown to
be proportional to the fast-sampling period ∆; explicit
bounds will be published elsewhere.

4. SIMULATIONS

In this section, we present a numerical example to analyze
the performance of the proposed method (PS-EM), in
which we utilize the particle smoother to compute the EM
iterations. We compare PS-EM to the standard method
to identify state-space models with the Kalman Smoother
(KS-EM, Gibson and Ninness (2005)), which does not
consider any type of quantization. The continuous-time
system we consider is given by

ẋ(t) = −x(t) + 0.7u(t) + ẇ(t), z(t) = x(t),

where the measured output is computed from (2) with
τ = 0.3, ẇ(t) ∼ N (ẇ(t); 0, 0.5), and the input is sampled
from N (u(t); 0, σ2) with σ = 10. We use N = 2000 and
∆ = 0.01, and to compute the moments of xk and zk,
we implement the particle filter with M = 1000 particles.
The frequency response of the true system and 100 Monte
Carlo runs are shown in Fig. 2. The blue-shaded region rep-
resents the area where all Monte Carlo frequency responses
lie, and the left and right plots show the response obtained
with KS-EM and PS-EM, respectively. The results show
that our approach produces more accurate estimates of
the system than the KS-EM method. In addition, Fig.
3 presents boxplots of the parameter estimates that are
invariant under similarity transformations. The proposed
method PS-EM outperforms KS-EM in the system pa-
rameter estimation and is competitive against KS-EM in
estimating the noise covariance matrix. Systems of higher
order have also been tested and show similar results to
this case study. In terms of computation time, the bur-
den of our approach using 1000 particles and 2000 data
points was approximately 36 minutes per Monte Carlo run.
This agrees with the execution time reported for particle
smoothing in, e.g., Cedeño et al. (2021a, 2023) multiplied
by the total number of the EM iterations. The computer
used has an Intel(R) Core(TM) i5-8300H CPU @ 2.30 GHz
processor, and a RAM of 8.00 GB, with Windows 11 and
MATLAB 2021b.

5. CONCLUSIONS

This paper introduces an identification method for continuous-
time LTI systems with Lebesgue-sampled observations
based on the maximum likelihood principle. We have used
the EM algorithm to derive an iterative procedure that
obtains an estimate of the system parameters and the noise
covariance matrix. For this, we implemented a particle fil-
ter that evaluates the filtering and smoothing distributions
that are required to compute the auxiliary function of the
EM algorithm. The proposed method was compared to
the standard approach that does not take into account
the Lebesgue sampling of the output data, verifying that
the former approach yields more accurate estimates of the
system than the latter approach.

APPENDIX

5.1 Proof of Theorem 2

We first derive (14). If we consider only the terms that are

dependent on Ad and Bd, Q(θ, θ̂i) is proportional to

−Q(θ, θ̂i) ∝ tr

{
Q−1

d

(
[Ad Bd]

[
Γxx Γ⊤

ux
Γux Γuu

][
A⊤

d

B⊤
d

]

−[Ad Bd]

[
Γxq

Γuq

]
−
[
Γ⊤
xq Γ

⊤
uq

][A⊤
d

B⊤
d

])}
. (19)

Using the fact that for any positive definite matrix A and
any matrices B and X of suitable dimension we have

XAX⊤−XB−B⊤X⊤=(X−B⊤A−1)A(X−B⊤A−1)⊤−B⊤A−1B

⪰ −B⊤A−1B,

we exploit the partial ordering of the trace (Horn and
Johnson, 2012, Corollary 7.7.4) to conclude that the min-
imum of (19) is achieved when Ad and Bd are as in (14).

Proceeding similarly with C and D, we find that

−Q(θ, θ̂i)∝
[
C⊤

D

]⊤[
Γxx Γ⊤

ux

Γux Γuu

][
C⊤

D

]
−
[
C⊤

D

]⊤[
Γxz

Γuz

]
−
[
Γxz

Γuz

]⊤[
C⊤

D

]
.

By the same reasoning as above, the minimum is achieved
when C and D are as in (14). To obtain (15), we note that

when Ad,i+1 and Bd,i+1 are inserted in Q(θ, θ̂i) we have

−Q(θ, θ̂i) ∝ N log det(Qd)

+ tr

{
Q−1

d

(
Γqq−

[
Γxq

Γuq

]⊤[
Γxx Γ⊤

ux
Γux Γuu

]−1[
Γxq

Γuq

])}
. (20)

Setting to zero the partial derivative of (20) with respect
to Qd indicates that Qd,i+1 must satisfy

Q−1
d,i+1

(
NQd,i+1−Γxx+

[
Γxq

Γuq

]⊤[
Γxx Γ⊤

ux
Γux Γuu

]−1[
Γxq

Γuq

])
Q−1

d,i+1=0,

which directly leads to (15), concluding the proof. 2

5.2 Proof of Theorem 3

By leveraging the fact that Ad = I + ∆Ain and Bd =
∆Bin, the first block row of (14) can be expressed as

∆[Ain,i+1 Bin,i+1]+[I 0]=

[
Γxq

Γuq

]⊤[
Γxx Γ⊤

ux
Γux Γuu

]−1

=⇒ [Ain,i+1 Bin,i+1]=
1

∆

([
Γxq

Γuq

]
−
[
Γxx

Γux

])⊤[
Γxx Γ⊤

ux
Γux Γuu

]−1

=

[
Γxδ

Γuδ

]⊤ [
Γxx Γ⊤

ux
Γux Γuu

]−1

,

where Γxδ and Γuδ are as in (18). Similarly, we can write
Qd,i+1 in terms of Γδδ,Γxδ,Γuδ, Γxx, Γux and Γuu as

Qd,i+1 =
1

N

(
∆2Γδδ +∆Γxδ +∆Γ⊤

xδ + Γxx

−
[
∆Γxδ+Γxx

∆Γuδ+Γux

]⊤[
Γxx Γ⊤

ux
Γux Γuu

]−1[
∆Γxδ+Γxx

∆Γuδ+Γux

])
.

However, replacing the following matrix identities above

Γxx=

[
Γxx
Γux

]⊤[
Γxx Γ⊤

ux

Γux Γuu

]−1[
Γxx
Γux

]
, Γxδ=

[
Γxx
Γux

]⊤[
Γxx Γ⊤

ux

Γux Γuu

]−1[
Γxδ
Γuδ

]
,
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Fig. 2. Frequency response of the true and estimated system. Left: KS-EM; right: PS-EM (proposed method).

Â Â Ĉ2Q̂ Ĉ2Q̂ B̂Ĉ B̂Ĉ
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Fig. 3. Estimates of the system parameters that are
invariant under similarity transformations.

we conclude that

Qin,i+1=
Qd,i+1

∆
=
∆

N

(
Γδδ−

[
Γxδ

Γuδ

]⊤[
Γxx Γ⊤

ux
Γux Γuu

]−1[
Γxδ

Γuδ

])
,

which is what we wanted to prove. 2
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